BTRY 4830/6830: Quantitative Genomics and Genetics Fall 2014
Homework 5 (version 2 - posted October 29, minor edits)
Assigned October 24; Due 11:59PM October 30

Problem 1 (Easy)
a. Explain the two major differences between the ‘error’ (= ) term in a logistic regression as
compared to a linear regression.
Two major differences are: 1. the error for a linear regression is normally distributed while
the error for a logistic regression takes on a Binomial (Bernoulli in our case) distribution,
2. the distribution of the error for a linear regression does not depend on the value of an
individual’s genotype (i.e. it is a constant function of genotype) while for a logistic, it changes
depending on the genotype (i.e. in our case, the genotypic value determines the parameter p
of the Bernoulli. NOTE: non-redundant versions of these two answers will be accepted.
b. Recall that a response variable Y |X in a generalized linear model (GLM) has to have a
probability distribution in the exponential family, i.e. Y |X ∼ expf amily(θ). We defined a
random variable as having a probability distribution in the exponential family if the pdf can
be expressed in terms of the following equation:
P r(Y ) ∼ e

Y θ−b(θ)
+c(Y,φ)
φ

(1)

Show that with the following substitutions, you can produce a normal distribution (show your
steps!):
!
2
2
θ
1
Y
θ = µ, φ = σ 2 , b(θ) = , c(Y, φ) = −
+ ln(2πφ)
(2)
2
2 φ
Hint: The following relationships may be useful: ea eb = ea+b , ln(a/b) = ln(a) − ln(b),
ln(ab ) = b ∗ ln(a) eln(a) = a.
Begin by making the substitutions:
2
Y µ− θ2
2
σ

!
+− 12

Y2
+ln(2πσ 2 )
φ

P r(Y ) ∼ e

(3)

and a second round of substitutions:
µ2
Y µ− 2
2
σ

P r(Y ) ∼ e

!
+− 12

Y2
+ln(2πσ 2 )
σ2

(4)
1

re-arrange as follosw:
P r(Y ) ∼ e

−Y 2 +2Y µ−µ2
+− 12 (ln(2πσ 2 ))
2σ 2

(5)

−Y 2 +2Y µ−µ2
2σ 2

(6)

using the property ea eb = ea+b we have:
P r(Y ) ∼ e

1

e− 2 (ln(2πσ

2 ))

using the property ln(ab ) = b ∗ ln(a) we have:
P r(Y ) ∼ e

−Y 2 +2Y µ−µ2
2σ 2

e(ln(2πσ

1
2 )− 2 )

(7)

using the property eln(a) = a we have:
1

P r(Y ) ∼ (2πσ 2 )− 2 e

−Y 2 +2Y µ−µ2
2σ 2

(8)

and re-writting:
−Y 2 +2Y µ−µ2
1
2σ 2
P r(Y ) ∼ p
e
(2πσ 2 )

(9)

finally note that we can re-write the exponential term as follow:
2
1 (Y −µ)
1
P r(Y ) ∼ p
e− 2 σ2
(2πσ 2 )

(10)

and we are done.

Problem 2 (Medium)
For this problem, you will need to write your own code to simulate data for a population of n = 100
individuals considering a SINGLE genotype and a phenotype assuming a logistic regression model
with a response variable with two states (Y = 0 or 1). You will be asked to do this for a case where
the ACTUAL case is that the null hypothesis is true and, a case separate case, where the null
hypothesis is false. You will then need to analyze these two simulated datasets assuming that you
do NOT know what the actual (=correct) answer is in either case. For many parts of this question,
the answer will be your R code presented in a text file that is easy for us to run to produce the
requested output (NOTE THAT FOR FULL CREDIT = easy to run code in a txt file, name your
files appropriately, send a zip file, and do not copy someone else’s code!! etc.).
See html file for answers to question requiring code.
a. Write R code to create a 100 x 1 matrix of genotypes (i.e. just one locus!) for the n = 100
individuals, where there should be two alleles (you must represent these with two of ‘a’,
‘c’, ‘t’, ‘g’ OR as ‘A1’ and ‘A2’) where all three genotype states (two homozygotes and a
heterozygote) should be present and the minor allele frequency (MAF) should not be < 0.2.
Write R code to convert your genotype into the appropriate xa values and the appropriate
xd values. (note that you may use modified code you have already constructed in a previous
homework as your answer!)
2

b. Write R code to simulate a 100 x 1 vector of y values (either ‘0’ or ‘1’) using the genotypes of
part [a] of the 100 individuals under the logistic regression model. Use your code to simulate
TWO different 100 x 1 phenotypes (again use the same genotypes from part [a] in each case):
for the first, use the parameter values βµ = 1.0, βa = 0, βd = 0 and for the second, use the
parameter values βµ = 1.0, βa = 1.0, βd = −1.0.
NOTE: the combined results of parts [a & b] will result in TWO datasets of n = 100 where
EACH dataset has one marker and one phenotype (and EACH dataset will therefore have
100x1 values for xa , xd , and y). While you will consider these two separate datasets, they
will actually have the same genotypes in both cases. The first dataset (DATA1) will be a case
where the null hypothesis is true and the second datasets (DATA2) will be a case where the
null hypothesis is false.
c. For EACH data set you simulated [DATA1 & DATA2] produce two plots (four plots in total!)
using the package ‘ggplot2’ with the option ‘position = position jitter(w=0.1, h=0.1)’: for
the first, plot y versus xa and for the second, plot y versus xd .
d. For each data set [DATA1 & DATA2], calculate the M LE(β̂) using the IRLS algorithm (make
sure you provide the code for you algorithm!). How close are your estimates to the true values
you simulated, i.e. present β̂ − β = [β̂µ , β̂a , β̂d ] − [βµ , βa , βd ] for each of your β parameters?
Explain why these are the estimates of the model parameters under the alternative hypothesis
θ1 ?
They are not particularly close (likely a result of the small sample size = not a necessary
part of the answer. The alternative hypothesis places no restrictions on the values of these
parameters so the unrestricted MLE is the estimated under HA .
e. For each data set [DATA1 & DATA2] use your IRLS algorithm to calculate the M LE(β̂)
under the null hypothesis. How close are your estimates to the true values you simulated, i.e.
present β̂µ − βµ ? Explain why these are the estimates of the model parameters under the null
hypothesis θ0 ?
They are not particularly close (likely a result of the small sample size = not a necessary
part of the answer. The null hypothesis only allows the βµ parameter to be unrestricted
while the other β parameters are set to zero, so this estimate of βµ when restricting the
others to zero is the estimate uner H0 .
f. Why is it likely that the parameter estimates you obtained in part [e] are not exactly the true
M LE(β̂) but are probably close?
The estimates were obtained by running an algorithm which is stopped after it gets within a
certain distance to the log-likelihood maximum, so the estimates are probably quite close to
the true MLE but not exactly the MLE (note this is true for both parts [d] and [e]).
g. For each data set [DATA1 & DATA2], calculate the LRT = −2lnΛ statistic. Which data set
produced a greater value of this statistic?
DATA2 produced the great log-likelihood (which makes sense).
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h. For the LRT ’s you calculated in part [g] calculate the p-value under the genetic null hypothesis (H0 : βa = 0 ∩ βd = 0) versus the alternative (H0 : βa 6= 0 ∪ βd 6= 0) assuming that when
the null hypothesis is true, the LRT is distributed as a χ2df =2 . For which data sets did you
reject the null hypothesis assuming an α = 0.05 (provide the p-values you obtained as part
of your answer)?
The null was rejected for DATA2 (which makes sense).
i. What are two reasons why the p-value you obtained in part [h] are not likely to be the exact
p-values (but are probably close)? (hint: one of the reasons is the answer to part [f]!)
The first reason is that the chi-square distribution is only exact for the LRT statistic when
the null hypothesis is correct as n → ∞ so the p-values obtained under this distribution are
not expected to be exact. Second, since the parameter estimates were obtained using the
IRLS algorithm that uses a stopping rule, and hence does not return the true MLE, even if
the chi-square was the exact distribution under the null, we are not using the exact MLE in
the LRT calculation so the p-values are not expected to be exact.
j. For each data set [DATA1 & DATA2], why do the expected values of the phenotype, given
each possible genotype state, as calculated using your M LE(β̂) estimates in part [d] make
sense? What is the interpretation of these expected values of the phenotype and which genotype in which data set would be of greatest concern to an individual given this interpretation?
The estimates are somewhat off the true parameter values (again, low sample size...) but
for the first model, the expected value of the phenotype for each genotype given the parameter estimates are relatively close to the same value (as expected under the null model, where
genotype does not increase or decrease risk of the disease), while for the second model, there
is a stronger correlation between genotype and phenotype when putting in the estimates as
expected given that genotype increases or decreases the expected risk for the disease under
the true model.

Problem 3 (Difficult)
a. Starting for the form of the pdf of distributions in the exponential family:
P r(Y ) ∼ e

Y θ−b(θ)
+c(Y,φ)
φ

(11)

What are the values of θ, φ, b(θ), c(Y, φ) for the binomial distribution and perform the substitutions and show the steps needed to produce the standard form of a binomial pdf.
Start with the following substitutions:
!
 
p
n
θ = ln
, φ = 1, b(θ) = −nln(1 − p), c(Y, φ) = ln
1−p
Y
making the substitutions:
P r(Y ) ∼ e

p
Y ln( 1−p )+nln(1−p)
1

4

+ln(Yn )

(12)

(13)

and noting the hints in Problem 1 above:
 
p
n ln( 1−p
)Y ln(1−p)n
e
P r(Y ) ∼
e
Y
 
(1−p)n
n lnpY ln (1−p)
Y
P r(Y ) ∼
e
e
Y
 
n Y
P r(Y ) ∼
p (1 − p)n−Y
Y

(14)

(15)
(16)

and we are done.
b. Technically, equation (3) is the ‘natural form’ of the equation describing exponential families,
which includes the additional ‘dispersion’ parameter φ. You will often see the exponential
family written using another formula:
Pk

P r(Y ) ∼ h(Y )s(θ)e

i=1

wi (θ)ti (Y )

(17)

What are the values of k, h(Y ), s(θ), w(θ), t(Y ) needed to express equation (4) in the form of
equation (3), also perform the substitutions and show the steps needed.
Start with the following substitutions:
k = 1, h(Y ) = ec(Y,φ) , s(θ) = e

−

b(θ)
φ

, w(θ) =

θ
, t(Y ) = Y
φ

(18)

making the substitutions:
P r(Y ) ∼ ec(Y,φ) e
P r(Y ) ∼ e
and we are done.

5

−

b(θ)
φ

θ
w(θ)= φ
Y

e

Y θ−b(θ)
+c(Y,φ)
φ

(19)
(20)

