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PLEASE NOTE THE FOLLOWING INSTRUCTIONS:
1. You are to complete this exam alone. The exam is open book, so you are allowed to use
any books or information available online, your own notes and your previously constructed
code, etc. HOWEVER YOU ARE NOT ALLOWED TO COMMUNICATE OR
IN ANY WAY ASK ANYONE FOR ASSISTANCE WITH THIS EXAM IN
ANY FORM (the only exceptions are Mahya, Jin, and Dr. Mezey). As a non-exhaustive
list this includes asking classmates or ANYONE else for advice or where to look for answers
concerning problems, you are not allowed to ask anyone for access to their notes or to even
look at their code whether constructed before the exam or not, etc. You are therefore only
allowed to look at your own materials and materials you can access on your own. In short,
work on your own! Please note that you will be violating Cornell’s honor code if you act
otherwise.
2. A complete answer to this exam will include two files: a SINGLE text file including all of
your R code, and a SINGLE file including all of your typed answers and plots (where the
latter may be a scan as long as we can read it). Please note that for your R code, to get
full credit for all problems, we must be able to run your code and replicate all of your results
(with ease!). We will attempt to run your code if you do not do this but we will deduct points
accordingly (note that no code = no credit!).
3. Please pay attention to instructions and complete ALL requirements for ALL questions, e.g.
some questions ask for R code, plots, AND written answers. We will give partial credit so it
is to you advantage to attempt every part of every question.
4. The exam must be in Mahya’s or Jin’s (as appropriate) email inbox before 11:59PM Fri.,
March 18. It is your responsibility to make sure that it is in the appropriate email box before
then and no excuses will be accepted (power outages, computer problems, Cornell’s internet
slowed to a crawl, etc.). Remember: you are welcome to hand this in early! We will deduct
points for being late for exams received after this deadline (even if it is by minutes!!).
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QUESTIONS (10 total, multiple parts per question) - make sure you answer all parts of all questions (!!):
Part 1: General Probability and Statistics Concepts
For Questions 1-3, consider a ‘heights’ system where you are interested in answering questions
about the average height of all individuals in the United States, where you will be performing a
‘measuring’ experiment, such that you will measure heights of individuals selected from the United
States. Assume that you will use R as your sample space Ω and the appropriate sigma algebra for
this sample space F. Assume a probability measure P r(F) on your sigma algebra and a random
variable X that is a function on your sample space. Assume that the normal ‘family’ of probability
models contains a probability model that is a correct description of your system and experiment.
Assume that your observed sample of size n is iid.
1. Explain to your collaborator about the assumptions you are making with this framework by
providing a one sentence description as to why each of the following assumptions is reasonable for this heights system / experiment AND at most two sentence description that explains
specific aspects of these assumptions, which could be unrealistic or not exactly correct for
this heights system / experiment (you are welcome to provide a hypothetical scenario) for
EACH of the following: (a) Your choice of the sample space Ω, (b). Your choice of the
normal distribution to describe the possible ‘family’ of probability models. (c) Your choice
of treating the sample as iid.
There are many acceptable answers to these questions. Answers that will be given full credit
need to provide a clearly articulated description of how the assumptions being made to justify
a framework component provide a reasonable approximation for the outcomes of the actual
experiment and at least TWO clearly explained examples where the assumption is not exactly
correct, where abstract answers like those below OR specific hypothetical examples will be
accepted (although inclusion of statements that are incorrect will result in loss of points!).
The answers below include many details that could be part of an acceptable answer, where
you need not have all of these details for full credit (i.e., an acceptable answer that receives
full credit could be far shorter and more concise!).
(a) While the possible measured heights of individuals include a finite set of possibilities,
given that there are so many possible heights, assuming heights could fall anywhere within
the set of all real numbers provides a useful approximation of the true set of possible heights
that also includes every possible height that could occur, where using the reals as a sample
space in turn provides mathematical advantages within an inference framework.
Aspects of this assumption that are not exactly correct include (where the following is not
an exhaustive list): In the reals, there are (uncountably) infinite numbers between every
two numbers, while measured heights do not include all possible numbers between any two
numbers. The reals include negative numbers while measured heights cannot be negative.
Even when considering scaled heights (which could be negative), the reals include all negative numbers approach negative infinite, while there is clearly a lower bound to possible
(scaled) measured heights. The reals include all positive numbers approaching infinite, while
there is clearly an upper bound to possible measured heights.
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(b) It has been previously observed that when measuring groups of people that the histograms of their measured heights look approximately normal, such that assuming the true
distribution is within the ‘family’ of normal distributions provides a reasonable approximation
for the actual distribution of heights for all individuals, where in turn using the normals to
limit the set of possible distributions that could be correct reduces our inference goals to a
tractable problem.
Aspects of this assumption that are not exactly correct include (where the following is not
an exhaustive list): A normal distribution is continuous and as a consequence the probability
of any specific height is zero, where clearly this cannot be the case for true heights (since we
are able to measure heights!). The normal distribution includes non-zero probability density
approaching positive infinite where any exact model of the true probabilities would have a
zero probability for height above certain values. The normal distribution includes non-zero
probability density approaching negative infinite where any exact model of the true probabilities would have a zero probability for height below certain values. An exact probability
model of the true distribution of heights would be discrete (i.e., represented by a cumulative /
probability mass function), while the normal distribution is continuous (i.e., represented by a
cumulative / probability density function). We would expect the histogram of the heights of
every individual in the United States (i.e., the correct answer) to look very close to a normal
distribution but to be slightly off within any interval (e.g., as measured by some approximation approach)
(c) If we sample measured heights such that all individuals have an (almost) equal chance of
being measured and in such a way would not result in a higher chance of measuring individuals
with heights that are more (or less) similar in height (i.e., the experiment provides a reasonable approximation of a random sampling approach), then assuming that all observations
of the sample produced by an experimental trial have the same distribution is a reasonable
assumption since any height could in theory have occurred for any trial and assuming that
each observation is independent of every other observation is a reasonable assumption since
knowing the height of one individual in the sample would not help us predict the height of
another individual in the sample, where assuming an iid sample in turn provides mathematical advantages within an inference framework.
Aspects of this assumption that are not exactly correct include (where the following is not an
exhaustive list): It is not possible to implement a measuring experiment where each individual
has exactly the same chance of being selected, such that the assumption of identical probability distributions for each sample observation is not exact. It is not possible to select a sample
of individuals in a way such that there are no factors correlated with the possible observations in the sample that would increase or decrease the chance of sampling heights that are
more or less similar, such that the independence assumption is not exact. It is not possible to
select a sample of individuals in a truly random way such that an iid assumption is not exact.
2. Recall that a statistic T is a function that maps each possible sample of size n, that could
be generated under the correct model, to R and consider how we might construct various
univariate statistics as estimators: (a) Could you define an estimator µ̂ for the parameter
µ that is guaranteed to be incorrect no matter what the true value of µ? If your answer
is ‘yes’, provide an example, if your answer is ‘no’ provide a one sentence explanation, (b)
3

Could you define an estimator σ̂ 2 for the parameter σ 2 that is guaranteed to be incorrect
no matter what the true value of σ 2 ? If your answer is ‘yes’, provide an example, if your
answer is ‘no’ provide a one sentence explanation. (c) Using no more than one sentence,
explain why any estimator you could define will have a probability distribution P r(θ̂). (d)
Using no more than two sentences, explain why it is not possible to construct an estimator
µ̂ or σ̂ 2 that is guaranteed to be correct for your heights case. (e) Provide the definition
of an unbiased estimator. Is M LE(µ̂) unbiased? Is M LE(σ̂ 2 ) unbiased? If one or both of
these is biased, provide a one sentence explanation as to why we might still use this estimator.
Below are the target answers for this question. Note that for some parts, it is possible
to receive full credit with different answers than those below, but a careful explanation of the
assumptions used to reach the answer would be required in such cases.
(a) No - Since an estimator maps each of the possible samples to values in the reals and
given that the set of possible values of the unknown true parameter µ is the reals, i.e.,
µ ∈ (−∞, ∞), there is no estimator that would return the wrong answer for every possible
(unkonwn) true parameter value µ.
(b) Yes - Since an estimator maps each of the possible samples to values in the reals and
given that the set of possible values of the unknown true parameter σ 2 is the non-negative
reals, i.e., σ 2 ∈ [0, ∞), an estimator that always returns an negative number for every possible
sample would be guaranteed to be incorrect no matter what the (unknown) true value of σ 2 .
(c) Since a sample has a probability distribution, if we define a estimator (statistic) that
takes each possible sample to a number, the estimator has a probability (sampling) distribution.
(d) Since there is a true values of µ and σ 2 , if we define an estimator for each of these
that has a sampling distribution across more than one value, then the estimator is not guaranteed to be correct given every possible sample. If we were to define an estimator that
always returned the same value no matter what the sample, since we do not know the true
value of the parameters µ and σ 2 , we cannot set the estimator to a value that we know will
be correct.
(d) An estimator θ̂ is unbiased if Eθ̂ − θ = 0. M LE(µ̂) is unbiased. M LE(σ̂ 2 ) is NOT
unbiased. We might still use M LE(σ̂ 2 ) even though it does not have the desirable property
of being unbiased since it might have other desirable properties, where for example, this estimator will have a high probability of being ‘close’ to true parameter value σ 2 .
3. Note that for parts ‘a-d’, you only need to provide the R code you used, the histograms, and
the specific numbers you are asked to report, while part e requires a written answer!
Assume that unknown to you that the true parameter values of your system / experiment
are µ = 1.5, σ 2 = 1.3 and consider the null hypothesis H0 : µ = 1 and the alternative hypothesis HA : µ 6= 1: (a) Using R, simulate M = 10, 000 samples of size n = 20 under the
null hypothesis and σ 2 = 1.3. For each sample, calculate −2lnΛ and plot a histogram of the
values you obtain. Report the total number of −2lnΛ values you obtained that are greater
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than the critical value −2lnΛα=0.05 = 3.841459. Use pchisq(−2lnΛ, 1, lower.tail=FALSE) to
calculate the p-value for each of your M = 10, 000 statistics and plot a histogram of your
p-values. (b) Repeat part ‘a’ but set n = 100. (c) Using R, simulate M = 10, 000 samples of
size n = 20 under the true parameter values. For each, calculate −2lnΛ and plot a histogram
of the values you obtain. Report the number of −2lnΛ values you obtained that are greater
than the critical value −2lnΛα=0.05 = 3.841459. Use pchisq(−2lnΛ, 1, lower.tail=FALSE) to
calculate the p-value for each of your M = 10, 000 statistics and plot a histogram of your
p-values. (d) Repeat part ‘c’ but set n = 100. (e) Using no more than three sentences,
explain why the histograms and reported numbers of parts ‘a’ and ‘b’ are similar AND why
the histograms and reported numbers for part ‘c’ are different for those of part ‘d’.
(e) Among the acceptable answers: The probability distribution of −2lnΛ under the null
hypothesis is the Chi-Square distribution with one degree of freedom, regardless of the sample size, and the corresponding distribution of p-values is uniform, regardless of the sample
size. Since each of the samples in parts ‘a’ and ‘b’ where simulated in a case where the
null hypothesis is true, the histograms of the LRT and p-values are therefore expected to be
similar and the number of −2lnΛ values beyond a specific cutoff are expected to be close,
since they are generated from the same probability distribution in both parts. In contrast,
the samples in parts ‘c’ and ‘d’ are generated for a case where the null hypothesis is false
and since the probability distributions of both −2lnΛ and possible p-values depend on the
sample size, with the different sample sizes used to generate samples in parts ‘c’ and ‘d’, the
histograms and number of −2lnΛ values over a specific cutoff are expected to be different.
For Questions 4-5, consider a single locus in a human population that has two possible alleles ‘A1’
and ‘A2’. Assume that you will perform a ‘measuring’ experiment where you will determine the
genotype of a sample of individuals (without any errors).
4. (a) For the sample space Ω = {A1A1, A1A2, A2A2} write out the Sigma Algebra F. (b)
Assume that the true probability model has P r(A1) = 0.3, P r(A2) = 0.7 and where P r(A1 ∩
A2) = P r(A1)P r(A2). Write out the probabilities of each set in P r(F). (c) Write out how
a random variable, which you can call X#A1 , maps each element of the sample space to an
appropriate real number such that this random variable returns the number of A1 alleles in
a given genotype. Describe how this random variable is related to Xa . (d) For X#A1 , write
down an appropriate ‘family’ of probability models and what the true parameter value(s)
would be given the true probability model in part b.
(a) F : ∅, {A1A1}, {A1A2}, {A2A2},
{A1A1, A1A2}, {A1A1, A2A2}, {A1A2, A2A2},
{A1A1, A1A2, A2A2}
(b) P r(F) : P r(∅) = 0, P r({A1A1}) = 0.09, P r({A1A2}) = 0.42, P r({A2A2}) = 0.49,
P r({A1A1, A1A2}) = 0.51, P r({A1A1, A2A2}) = 0.58, P r({A1A2, A2A2}) = 0.91,
P r({A1A1, A1A2, A2A2}) = 1
(c) X#A1 : X#A1 (A1A1) = 2, X#A1 (A1A2) = 1, X#A1 (A2A2) = 0; Relation: X#A1 + Xa = 1
(d) X#A1 ∼ bin(2, p); p = 0.3
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5. (a) Consider a random variable XA1A1 which maps elements of the sample space in Question
4 to the reals as follows: XA1A1 (A1A1) = 1, XA1A1 (A1A2) = 0, XA1A1 (A2A2) = 0. Also
consider the random variable Xa defined on the same sample space. Assuming the probability
model in Question 4, show that these two random variables are not independent. (b) Assume
that you have a sample of n iid observations of the random variable XA1A1 , i.e., a sample
xA1A1 = [x1,A1A1 , ..., xn,A1A1 ]. Say that you are interested in estimating the true probability
of individuals with the genotype A1A1. Provide a formula for the best estimator possible by
defining a statistic on the random variable XA1A1 , i.e., this statistic will map your sample
xA1A1 to a single number. (c) Say that you are interested in estimating the true probability
of the ‘A1’ allele in the entire population (the Minor Allele Frequency or MAF) from this
same sample. Provide a formula for best estimator possible by defining a statistic on the
random variable XA1A1 . (d) For the estimator in parts ‘b’ and ‘c’, would these both be good
estimators even if P r(A1 ∩ A2) 6= P r(A1)P r(A2)? Explain your answer for each using no
more than two sentences (for each).
(a) Any single use of the definitions of independence or conditional probability relationships assuming independence, e.g. P r(XA1A1 = 1 ∩ Xa = 0) = 0 6== 0.09 ∗ 0.42; P r(XA1A1 =
1|Xa = 0) = 0 6= P r(P r(XA1A1 = 1) = 0.09; etc.
P
(b) T (xA1A1 ) = n1 ni=1 xi,A1A1 ; Note that other answers are acceptable if their output is
the same as this statistic.
q P
n
1
(c) T (xA1A1 ) =
i=1 xi,A1A1 ; Note that other answers are acceptable if their output
n
is the same as this statistic.
(d) Among the acceptable answers: In part ‘b’, this would still be a good estimator because whatever the probability of the genotype A1A1, regardless of the probability model,
this estimator is directly estimating the probability of this genotype using counts of the genotype, and no additional underlying assumptions. In part ‘c’, this could be a poor estimator
since the estimator is making explicit use of the assumption P r(A1 ∩ A2) = P r(A1)P r(A2)
to produce a good estimate, where this estimator could therefore produce a poor estimate
when this assumption does not hold (e.g., a model where P r(A1A1) = 0).
Part 2: Probability and Statistics as applied in Quantitative Genomics: Genome-Wide
Association Studies (GWAS)
Your collaborator is interested in mapping genetic loci that can affect human Body Mass Index
(BMI). They want to perform a GWAS experiment and they would like you to perform the analysis. They have collected data for a number of individuals sampled from a population and they
have provided you relative measures of BMI in the file “QG16 phenotypes midterm.txt” and SNP
genotypes in the file “QG16 genotypes midterm.txt”. Note the following:
• There are two columns in the phenotype file, the first contains the name of each individual in
the sample, the second contains the BMI of each individual in the sample. Each row of the
phenotype file lists the name and BMI for an individual in the sample (n rows total).
• In the “genotypes” file, the first row contains the names of N genotypes, each of which has
been measured for each of the n individuals in the sample. Each of the following rows contains
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all of the genotypes measured for a specific individual. For each of these rows, each consecutive
PAIR OF COLUMNS represents a genotype of an individual (i.e., each genotype name refers
to a genotype defined by a pair of columns), where there are a total of N genotypes for each
individual (for the row corresponding to individual i, the 1st and 2nd column = 1st genotype
of individual i, 3rd and 4th columns = 2nd genotype of individual i, ..., rows 2N − 1 and 2N
= N genotype for individual i). Each genotype of each individual is composed of a pair of
alleles (e.g., the possible genotypes at the jth genotype for an individual i are ‘A1A1’, ‘A1A2’,
‘A2A2’). In some cases, instead of an allele ‘A1’ or ‘A2’ there is a number ‘9’ indicating that
the measurement of the allele is missing.
6. (a) Plot a histogram of the phenotypes (provide your code!). (b) There is one individual
with a phenotype that is clearly considerably larger than the others (an outlier). Report
the name of this individual and remove this individual from the analysis by removing the
phenotype AND the corresponding genotypes of this individual from the data set. (c) Replot the histogram of the phenotypes after removal of this individual. (d) The phenotypes
should now look approximately normal. In no more than one sentence, explain why it is
important that the phenotypes be well modeled by this distribution if we are going to use
the genetic linear regression to model the relationships between genotypes and this phenotype.
(e) Among the acceptable answers: Within the (genetic) linear regression model, that the
error term is distributed as a normal, i.e.,  ∼ N (0, σ2 ) such that the distribution of phenotypes Y are expected to be approximately normal (not necessary for the answer: assuming
the genetic effects are not too large), and if not, we should be concerned that linear regression
model is not an appropriate model.
Once you have completed part ‘a’ your dataset now has n − 1 individuals each with N
genotypes. Analyze this filtered data set in Question 7.
7. (a) Write code to identify which individuals have a genotype with a missing allele. Report the
names of individuals with at least one genotype with a missing allele and report the names of
the genotypes for each of these individuals that have missing alleles. The entire list of these
numbers represent genotypes for which at least one individual has missing data. (b) For your
list in part ‘a’ remove these genotypes from the analysis, not just for the individual where
they are missing but FOR EVERY individual in the data set. That is, remove the PAIRS
OF COLUMNS corresponding to your missing genotype list.
Once you have completed part ‘d’ your dataset now has n − 1 individuals each with N −
the number of genotypes you removed. Analyze this filtered data set for Question 8-10.
8. (a) For EACH genotype, using the formulas provided in class, calculate the M LE(β̂) for the
three β parameters when using the linear regression model yi = βµ + xi,a βa + xi,d βd + i , with
i ∼ N (0, σ2 ) and plot a histogram for the estimates of each parameter = three histograms
total (provide your code! And make sure you label your plots!). (b) For EACH genotype,
calculate p-values for testing the null hypothesis H0 : βa = 0 ∩ βd = 0 versus the alternative
hypothesis HA : βa 6= 0 ∪ βd 6= 0 using the formulas provided in class (i.e. the predicted value
of the phenotype ŷi for an individual i, the SSM, SSE, MSM, MSE, and the F-statistic),
although you may use the function pf( ) with the option ‘lower.tail=FALSE’ to calculate
the p-value from your F-statistic. (c) Plot a histogram of ALL p-values (not -log(p-values)!
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just the p-values!). If you ignore a few of the p-values that are extremely small (=highly
significant), describe how the rest of the p-values are distributed (i.e., the probability distribution do they appear to resemble) and using no more than two sentences, explain what
this indicates about the correct statistical model for the bulk of the genotype-phenotype relationships in the data. (d) Plot a Manhattan plot using the -log(p-values) (provide your code!).
(c) The rest of the p-values approximately follow a uniform distribution. Since the probability distribution of p-values when the null hypothesis is true is uniform, this indicates that
for the bulk of genotypes across the genome, they are not in linkage disequilibrium with a
causal polymorphism, such that the null hypothesis is correct (or approximately correct) for
the bulk of measured genotypes.
9. (a) For a Type 1 error of 0.05, how many genotypes are significant from your analysis in
Question 8? (b) For a Type 1 error of 0.05 / N − 1, how many genotypes are significant from
your analysis in Question 3? (c) Using no more than two sentences, describe why the second
(the lower) of these Type 1 errors is more appropriate for identifying the location of causal
polymorphisms and justify your answer. (d) For the lower of the Type 1 errors, report the
genotypes that you returned (i.e., a list of genotypes from 1 to N − the number of genotypes
you removed in Question 2). Using no more than three sentences, explain how many causal
genotypes these two sets are likely indicating and provide a justification of your assertion.
(c) Since the goal of a GWAS is to minimize the number of false positives, the lower (multiple test corrected) Type 1 error is more appropriate because this will result in less total false
positives, while still allowing the analysis to detect the location of some causal genotypes.
(d) Among the acceptable answers (others possible if assumptions are well justified): Since
in (human) GWAS, we generally assume that a single ‘peak’, corresponding to a set of genotypes with significant p-values that are close to each other in the genome without two many
genotypes with non-significant p-values within the set, corresponds to the location of a single
causal polymorphism, and given that visually, we can identify two peaks of significant genotypes, it appears that the analysis has detected the location of two causal genotypes.
10. (a) For the single most significant genotype in your analysis, produce two x-y plots: Xa vs
Y and Xd vs Y (provide your code! And make sure you label your plots!). (b) Choose one
of your other genotypes that has a p-value > 0.5 (i.e., choose any one of your genotypes
with a p-value > 0.5) and produce two x-y plots: Xa vs Y and Xd vs Y . (c) Using no
more than three sentences, describe how the plots in parts ‘a’ and ‘b’ differ, an explanation
as to why you believe they differ, and why the plots make sense assuming that your belief
is correct. (d) Using no more than two sentences, explain to your collaborator why the
genotype you have plotted in part ‘a’ is not likely to be the causal polymorphism for BMI
but why it indicates the position in the genome where a causal polymorphism may be located.
(c) Among the acceptable answers: For the plots in ‘a’ the distributions of phenotypes
for each genotype coded by Xa and Xd appear to be shifted, while for the plots in ‘b’,
the distributions of phenotypes for each genotype coded by Xa and Xd appear to be the
same. I believe these differ because the genotype coded in part ‘a’ is in linkage disequilibrium
with a causal polymorphism, such that the genetic linear regression parameter estimates are
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reasonable estimates of the true parameter value of genetic linear regression model of the
causal genotype, while the genotype coded in part ‘b’ is not in linkage disequilibrium with
a causal genotype, such that the genetic linear regression parameter estimates for βa and βd
are close to the true parameter values of zero for these two parameters. If what I believe is
correct, then in part ‘a’ we would expect that the phenotype distributions for each genotype
coded by Xa and Xd would be shifted and for part ‘b’, we would expect that the phenotype
distributions for each genotype coded by Xa and Xd to be the same, which is what we observe.
(d) Two acceptable answers (others possible if assumptions are well justified): Often in
human GWAS (at least at present) we do not always measure the genotype that is causal,
such that the significant p-values are obtained for non-causal genotypes that are in linkage
disequilibrium with the causal genotype or more intuitively, that are in the same position as
the causal genotype, and indicating the genomic position of the causal genotype. Even if we
have measured a causal genotype in a GWAS, there may be many non-causal genotypes in
linkage disequilibrium with this causal genotype and some of these non-causal genotypes may
have more significant p-values than the true causal genotype, such that we cannot necessarily
use the p-values from a GWAS to exactly pinpoint the causal polymorphism, although the
set of significant genotypes do indicate the position of the causal polymorphism.
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